The continuous states of the -wave Schrödinger equation for the diatomic molecule represented by the hyperbolical function potential are carried out by a proper approximation scheme to the centrifugal term. The normalized analytical radial wave functions of the -wave Schrödinger equation for the hyperbolical function potential are presented and the corresponding calculation formula of phase shifts is derived. Also, we interestingly obtain the corresponding bound state energy levels by analyzing analytical properties of scattering amplitude. 
Introduction
It is well known that Morse potential is one of the important exponential model potential, and it has been found that the potential function for the lowest electronic states of the actual diatomic molecule can be represented by Morse potential [1] as follows,
where D α are two adjustable positive parameters, and * E-mail: fgwei_2000@163.com (Corresponding author) † E-mail: qwcqj@pub.xaonline.com ‡ E-mail: chenwenli882002@163.com 0 is the minimum value point, i.e., V M ( ) has a minimum value 0 at = 0 . Since the introduction of the Morse potential, numerous advantages and extensive application of this potential have been made in the fields of diatomic molecule and quantum chemistry [2] [3] [4] [5] [6] . Also, the quantum mechanics problems related to this potential have been widely studied within the framework of the non-relativistic and relativistic quantum mechanics [7] [8] [9] [10] [11] [12] , it is shown that the eigenvalues and eigenfunction of one-dimensional diatomic molecule represented by Morse potential are not only simple in form, but also practical in calculation. Unfortunately, for the Morse potential, when the distance between the two atoms approaches zero, the interaction between the two atoms represented by Morse potential cannot approach infinity unlike the true interaction. Al-though this boundary condition seldom brings about remarkable effect on bound states, it will give rise to some difficulty in solving the collision problem. Another problem for the Morse potential is its inaccuracy [1, 13, 14] , which is due to the placement of Van der Waals term by an exponential. This makes the values of the Morse potential smaller than that from the experiments in the region of large . In order to overcome the above two difficulties of the Morse potential in the description of interaction of the actual diatomic molecule, Schiöberg [15] in 1986 proposed another diatomic molecule potential named as the Hyperbolical function potential, its expression can be given by
where D α σ are three adjustable positive parameters. This potential also has a minimum value 0 similar to the Morse potential. Unlike the Morse potential, the hyperbolical potential can approach infinity at = 0. Also, in the region of large , the hyperbolical potential is closer to reality than the Morse potential for some diatomic molecules and can improve the accuracy of the Morse potential to some extent [13] [14] [15] . Thus, it is a necessary and considerable interest to systematically study the quantum mechanics problem related to this potential in order to offer some references for molecule physics and quantum chemistry. The bound states and rotation and vibration properties related to this potential have been studied in recent literature [13, 14, 16] , and the relativistic KleinGordon and Dirac problems related to this potential have been carried out by us [17] . In this work we attempt to study the continuous states of the Schrödinger equation for the diatomic molecule model represented by hyperbolical function potential, which was not considered before. It is expected that this study will provide good references for molecule physics and quantum chemistry. This paper is organized as follows. In Sec. 2 we derive the approximate analytical solution of continuous states for the hyperbolical potential. The normalized radial wave functions of the continuous states and the corresponding calculation formula of phase shifts are presented. In Sec. 3 we discuss the analytical properties of scattering amplitude and obtain the corresponding bound state energy levels from the poles of scattering amplitude. The conclusions are given finally in Sec. 4.
Analytical solutions of continuous states
For a diatomic molecule with nuclei masses 1 and 2 and relative position vector , the relative motion of the system can be described by the following Schrödinger equation
where µ = 1 2 ( 1 + 2 ) is the reduced mass, { θ φ} is the polar coordinates representation of relative position vector , and V ( ) is the potential function of diatomic molecule. Here, the potential function is taken as the hyperbolical potential, i.e. Eq. (2) . By taking Ψ ( θ φ) = −1 ( ) Y (θ φ) and substituting it into Eq. (3), we obtain the radial Schrödinger equation in atomic units ( = µ = 1) as
It is shown that Eq. (4) cannot be solved analytically except for -states due to the centrifugal term. Therefore, we must use a proper approximation to the centrifugal term similar to previous literature [16, [18] [19] [20] [21] [22] [23] . It is noted that for short potential range the following formula
is a proper approximation to 1/ 2 . Such an approximation proposed by Greene and Aldrich [18] was to generate pseudo-Hulthén wave functions for arbitrary -states. In order to show the rationality and validity of such an approximation (5) , Eq. (6) can be rearranged as
According to Frobenius theorem, the singularity points in the above differential equation play an important role in the expression of the wave functions. The singularity points here are at = 0 and = 1. As a result, we take the trial wave function of the form
where
By inserting Eq. (8) into Eq. (7), we have
The hypergeometric function solutions of above differential equation can be given by [24] 
From Eqs. (8), (9), (11) and (12), we obtain the normalized analytical radial wave functions of continuous states for the hyperbolical potential as (13) where N is the normalized constant to be determined later. Before deriving the phase shifts, let us recall a recurrence relation of hypergeometric function [24] , which is used to analyze the asymptotic behavior of the wave function and present the normalized constant and phase shifts, 
By taking (16) and inserting into Eq. (15) 
By inserting Eq. (17) into Eq. (13), we have the asymptotic form of the formula (13) for → ∞ as follows,
Comparing Eq. (18) with the boundary condition [25] 
, the phase shifts and the normalized constant are given by 
Analytical properties of scattering amplitude
In this section, let us discuss the analytical properties of the scattering amplitude. According to the general theory of the partial-wave method, the scattering amplitude is
where is the angular quantum number. We now discuss the analytical properties of scattering amplitude.
For this purpose, based on Eq. (19), we have to discuss the properties of Gamma function
. From the definition of the Gamma function
we know that = 0 −1 −2 · · · are the first order poles of the Γ( ) i.e. the first order poles of
At the poles of the scattering amplitude, the corresponding energy levels are given by
The above expression is the bound energy levels of the diatomic molecule system represented by hyperbolical potential and coincides with that given in Ref. [16] . It is well shown that the poles of S-matrix in the complex energy plane correspond to bound states for real poles and scattering states for complex poles in the lower half of the energy plane [26, 27] . That is to say, the energy levels of the continuum states reduce to those of the bound states at the poles of the scattering amplitude.
Conclusions
In this work we have approximately studied the continuous states of the arbitrary -wave Schrödinger equation with a diatomic molecule represented by hyperbolical potential by a proper approximation to the centrifugal term. The normalized analytical radial wave functions of arbitrarywave continuous states are obtained and the corresponding calculation formula of phase shifts is derived. Also, we discuss the analytical properties of scattering amplitude by partial-wave method and interestingly obtain the corresponding bound state energy levels from the poles of scattering amplitude.
